Abstract We study the effects of a vertical electric field on the electronic band structure and transport in multilayer phosphorene and its nanoribbons. In phosphorene, at a critical value of the vertical electric field (E c ), the band gap closes and the band structure undergoes a massive-to-massless Dirac fermion transition along the armchair direction. This transition is observable in quantum Hall measurements, as the power-law dependence of the Landau-level energy on the magnetic field B goes from ∼ (n + 1/2)B below E c , to
Introduction
Black phosphorus (BP) is a thermodynamically stable allotrope of phosphorus with a layered structure. The layers of covalently bonded atoms are held together by the van der Waals interaction. Similar to obtaining graphene from graphite by mechanical exfoliation, BP can be isolated to a few layers [1, 2] . The resulting structure is a recent addition to the family of twodimensional (2D) materials called multilayer phosphorene. Monolayer phosphorene has a direct band gap of 1.45 eV [2] . In multilayer phosphorene, the gap decreases with increasing number of layers owing to relatively strong van der Waals interactions between the layers and remains direct [3] . This makes phosphorene a promising candidate for electronic and optical applications [4, 5, 6, 7, 8, 9, 10] . Moreover, the phosphorene crystal structure is highly anisotropic, which gives rise to phenomena such as anisotropic electronic and thermal transport [11, 12, 8, 13, 14, 15] , linear dichroism [8, 13] , and anisotropic plasmons [16] . Additionally, owing to its heavily puckered structure, phosphorene is highly tunable by strain [17, 11] and electric field [12, 18] . In particular, applying an electric field normal to the layers reduces the band gap, leading to a transition from a moderate-gap semiconductor to a semimetal [19] . Applying an electric field also leads to the emergence of more exotic features of phosphorene, including nontrivial topological phases [20, 21, 22] . However, the transition of the Landau levels (LLs) under the influence of electric field as a trademark of the topological phase transition has not been fully understood. Furthermore, little is known about the possible practical use of electric-field modulation of the electronic characteristics of nanostructures based on phosphorene, such as nanoribbons [23, 24, 25, 26] .
In this paper, we investigate the effects of a vertical electric field on the electronic properties (band structure and electronic transport) of multilayer phosphorene and its nanoribbons. In multilayer phosphorene at low fields, electrons with momenta in the zigzag direc- tion [ Fig. 1(a) ] have parabolic bands, but in the armchair direction they behave as massive Dirac fermions with a gap-dependent effective mass. At a critical electric field E c , the gap closes, and electrons exhibit a massive-to-massless Dirac fermion transition. Above E c , there are two Dirac points, and the band structure is that of anisotropic massless Dirac fermions. This continuous massive-to-massless Dirac fermion transition could be observed in Hall measurements, as the LL energy dependence on the magnetic field would change from linear below E c , to the novel 2/3-power at E c , to the square-root dependence above E c . If two-dimensional (2D) bulk phosphorene is nanostructured in one dimension (1D), the electronic properties of the resulting quasi-1D phosphorene nanoribbon (PNR) will strongly depend on the direction of confinement and the type of edge termination. In particular, metallic multilayer PNRs have twofold-degenerate bands within the bulk gap and the associated wave functions are localized near the ribbon edges. We show that the application of a vertical electric field in metallic PNRs can selectively affect electrons in these midgap bands and thereby give rise to novel functionalities. We propose a dual-edge-gate structure that affects these midgap states and drives the conducting-to-insulating transition in PNRs, thus enabling field-effect transistor action compatible with modern nanoelectronics, and potentially leading to new PNR-based devices. 
The Tight-Binding Model
The band structure of multilayer phosphorene is described by a tight-binding (TB) Hamiltonian
which was parametrized on the basis of first-principles calculation within the GW 0 approximation [27, 28] . As the TB parametrization was benchmarked for mono-, bi-and trilayers, we restrict our study here to these three systems, but note that TB may be suitable for larger multilayers, as well. A phosphorene monolayer contains two sublayers in a puckered structure and has four atoms per unit cell. Each additional layer brings four more atoms to the unit cell (see the structure of bilayer phosphorene in Fig. 1 ), with odd-numbered layers aligned with other odd-numbered ones, and analogously for even-numbered layers. A unit cell for bilayer phosphorene is denoted by the shaded box in Fig.  1(a) . In the nearest-neighbor approximation, there are fifteen relevant tight-binding hopping parameters (Table 1), ten intralayer and five interlayer. The multilayer phosphorene structure is highly anisotropic. Cutting phosphorene in the (horizontal) y direction (see Fig. 1 ) would result in an armchair edge, while cutting along the (vertical) x direction would result in a zigzag edge. We refer to the y-direction as armchair and the x-direction as zigzag.
Bulk Multilayer Phosphorene in a Vertical Electric Field
The band structure of trilayer phosphorene is depicted in Fig. 2(a) ; note the rectangular Brillouin zone (BZ) and its high-symmetry X and Y points along the x and y directions. The band gap, E g , is at the Γ point and has a value of 0.85 eV. Along the zigzag direction, both the conduction band (CB) and the valence band (VB) show quadratic dependencies on the wave vector k [ Fig.  2(a) ]. We calculate the effective masses of m c = 3.18m 0 (CB) and m v = 0.84m 0 (VB), where m 0 is the freeelectron rest mass. In the armchair direction, however, the dispersion has an asymptotic linear trend. To describe this highly anisotropic band structure near the band gap, we propose a low-energy two-band Hamiltonian as
Here, σ are the Pauli matrices, m c and m v are the effective masses in the zigzag direction, and v y = 7.4 × 10 5 m/s is the Fermi velocity in the armchair direction. In Fig. 2(b) , we see that the fit from this effective twoband Hamiltonian (red dots) agrees very well with the CB and VB dispersions obtained by TB (solid curve) within ±1 eV of midgap. Finding the dispersion for k x = 0 from the two-band Hamiltonian (2) leads to
This is a characteristic dispersion of massive relativistic particles [29] , where E g plays the role of rest energy. Upon employing the relativistic definition of the effective mass as m y = 2 k dE/dk y −1 , we obtain an effective mass for both CB and VB in the armchair direction to be m y = E g /2v 2 y = 0.12m 0 , a value close to the experimentally obtained 0.08m 0 [19] , which could not be explained previously based on the parabolic approximation. Thus, it is important to consider electrons in the armchair direction as massive Dirac fermions.
Since unbiased phosphorene is a conventional 2D electron gas, the CB and VB edges are expected to have linear dependencies on an applied vertical magnetic field [30, 31, 32] ; the CB/VB edge in a magnetic field is the lowest/highest Landau level (LL) in the CB/VB, respectively. In order to test this hypothesis, magnetic field is incorporated in the tight-binding model through the Peierls substitution, which adds a phase to the hopping term between any two sites,
where A = (−By, 0, 0) is the vector potential and B is the magnitude of the magnetic induction in z-direction. By this substitution, one will arrive at Harper's equation [33, 34, 35, 36] , and LLs are obtained by numerical calculation of its eigenvalues. For unbiased trilayer phosphorene, the LLs were calculated at various magnetic fields. The CB and VB edges are shown in Fig.  2 (b). Predictably, the CB and VB edge change linearly as a function of magnetic flux density B. (While our calculations of LLs versus B presented throughout this paper hold down to low magnetic fields, LLs are unlikely to be resolved in experiment at low fields owing to disorder (Bµ 1 is needed to resolve LLs, where µ is the electron mobility in the sample). Therefore, we present the dependence of the lowest Landau levels in the conduction and valence bands on B in the experimentally relevant high-magnetic-field range that was previously used by Jiang et al. [37] for the Hall measurement on graphene.) Next, we extend our model to the case of a vertical electric field E z [applied normal to the layers, i.e., in the z-direction in Fig. 1(a) ]. In the TB calculations, E z is accounted for by assuming a linear potential drop across the structure extending from −h/2 to h/2 (h is the thickness): a potential energy V i = eE z (−h/2 + z i ) is added to the diagonal terms of the TB Hamiltonian in Eq. (1) according to i -th atom's z coordinate. Figure  3 (c) shows that, as E z increases, the CB and VB shift toward each other due to the Stark effect. The band gap closes at a critical electric field, E c , [19] which decreases with increasing number of layers: E c 0.17 V/Å for bilayer (also reported in [38] ) and E c 0.15 V/Å for trilayer phosphorene. The full band structure of trilayer phosporene at E c is depicted in Fig. 3(a) . Electric field affects the curvature of the parabolic CB and VB bands along the zigzag direction [ Fig. 3(b) ]: m c (m v ) decreases (increases) with increasing E z , but m v < m c for all values of E z , in keeping with the high hole mobility reported in experiment [2] .
Application of the vertical electric field and the corresponding gap reduction have a strong effect on disper-sion in the armchair direction: as m y ∝ E g , m y drops with increasing E z and reaches zero at E c [ Fig.3(c) ]. Therefore, there is a smooth transition from massive to massless Dirac fermions in the armchair direction under a vertical electric field. At E c , the dispersion of CB and VB near the gap becomes
Owing to the anisotropic dispersion at the critical electric field -massless Dirac [Eq. (5)] along y, parabolic along x -the electron density of states (DOS) has a peculiar energy dependence:
If such an electron system were placed in a uniform vertical magnetic field B, it would exhibit a unique dependence of the LL energy on the B field (stemming from the square-root energy dependence of the DOS [40] ) that has never before been observed in experiment:
We obtained this dependence [see Fig. 3(d) ] by numerically solving Harper's equation, as described earlier. The 2/3-power dependence is distinct from the linear dispersion in two-dimensional electron gases, Fig. 2(b) ], and from the squareroot dependence characteristic of Dirac fermions, E n ∼ n + 1 2 B. Biased multilayer phosphorene would be the first realization of this LL dispersion in a real material, though the phenomenon was thoroughly investigated on a parametric honeycomb lattice [41, 42, 43] . While Yaun et al. [38] , recently investigated LLs in perpendicular electric fields, they did not solve the Harper's equation [33, 34, 35, 36] in an extended system, as we did here, and did not emphasize this peculiar behavior at E c . We propose an extension to experiment [19] , where the gap is closed via doping and mimics applying E c : a measurement of the Hall conductance at this condition would experimentally confirm the peculiar form (6) of the LL B-field dependence.
Increasing the electric field beyond the critical value (E z > E c ) splits the Dirac point into two. The Dirac points (∆ X ) move away from the Γ point along the X direction as a function of electric field [see Fig. 4(a) ]. In the low-energy, two-band Hamiltonian (2), h(k) takes the form
where E inv is the value of the inverted gap shown in Fig. 4(a) . At each Dirac point, the Hamiltonian can be expanded in terms of q = k − k ∆ X , which gives us the low-energy form H(q) = v x q x + v y q y , a generic Dirac Hamiltonian with anisotropic Fermi velocity v x,c(v) = E inv /m c(v) and ultimately the dispersion relation
Based on this dispersion, the Berry phase, Λ, can be calculated by integrating the Berry potential, ∇Λ = 2 vxvy
, over a closed path around each Dirac point; the integration path chosen here is a circle around each Dirac point, depicted in Fig. 4(a) . Λ = ±π is obtained from both the two-band low-energy and TB Hamiltonians. [44, 45] This means that electrons in biased multilayer phosphorene carry an extra degree of freedom called the pseudospin. Dirac fermions exhibit unconventional quantum Hall effect, where LLs vary 46, 38] . The magneticfield dependencies of the CB and VB edge of multilayer phosphorene biased at E z > E c are shown in Figs. 4(b) . As can be seen, both CB and VB (yellow circles) follow the square root power law of Dirac fermions (blue lines). 
Metallic Phosphorene Nanoribbons in a Vertical Electric Field. Dual-Edge-Gate Device
Nanoribbons are quasi-1D systems with a high lengthto-width ratio, often fashioned from the ultrathin quasi-2D materials. The nanoribbon geometry is more amenable to device applications than the quasi-2D sheet geometry, and the electronic properties of ultranarrow nanoribbons are very sensitive to edge termination. Phosphorene nanoribbons, in particular, can combine the effects of band structure anisotropy and sensitivity to external fields, which characterize the underlying 2D phosphorene, with the effects of edges to give rise to unique electronic properties. Indeed, armchair and zigzag PNRs nanoribbons have been attracting a lot of attention in recent years [23, 24, 26, 47, 25] , with skewed-armchair nanoribbons having come into focus more recently [48] . Here, we are specifically interested in metallic PNRs, which are found among skewed-armchair and zigzag PNRs [see Figs. 5(a) and 5(b), respectively]. These metallic PNRs have interesting behavior in a vertical electric field, which, as we will show, gives rise to new potential device functionalities. Other types of PNRs are insulating and will not be considered in this paper [48, 49, 23] .
The calculated band structures of mono-, bi-, and trilayer zigzag PNRs are shown in Figs. 6(a)-(c) and those corresponding to skewed-armchair PNRs are shown in Figs. 6(d)-6(f) , respectively. One can see the presence of midgap bands (red curves) completely detached from the bulk bands (shown in blue). For zigzag PNRs, each layer of phosphorene contributes one band of twofolddegenerate midgap states, making a total of two, four, six midgap states for mono-, bi-and trilayer PNRs, respectively. However, in the case of skewed-armchair PNRs, each layer provides two, twofold-degenerate midgap states. As a result, a total of four, eight, twelve midgap bands are present for mono-, bi-and trilayer skewedarmchair PNRs, respectively. We used the same tightbinding parameters for the PNRs as in the bulk calculation (Table 1 ). Of course, there is generally no guarantee that the bulk tight-binding parameters remain suitable for nanoribbons. However, there are at present no published DFT calculations for skewed PNRs against which we could benchmark tight-binding parameters. For ZPNRs, DFT calculations predict the existence of midgap bands [23] , as does tight binding. For ultranarrow ZPNRs (width below 3 nm), the dispersions of midgap bands found using DFT [24] differ somewhat from those predicted by the tight-binding model with bulk parameters [49] , but as the width of the ribbons increases and the gap between the bulk bands decreases, the results from the TB model become more consistent with the dispersions predicted by DFT [47] .
In the absence of a vertical electric field, zigzag PNRs are metallic since the Fermi level passes through all midgap bands and is far from the bulk states. In a similar manner, metallicity of skewed-armchair PNRs is caused by the two midgap states closest to the Fermi level without any contribution from the bulk states [see Figs. 6(d)-6(f)]. Therefore, near-equilibrium electronic transport in metallic PNRs is governed by midgap states. In Figs. 6(g) and 6(h), we plot the probability density for two k = 0 wave functions marked in Figs. 6(a) and 6(d), respectively, one from a midgap band (shown in red) and another from the bulk CB (shown in blue). In contrast to the states from the bulk bands, whose probability density peaks near the PNR middle, the midgap state's probability density is highest by the edges (near one edge in the top sublayer and near the other end in the bottom sublayer of a given monolayer). Therefore, electronic transport in PNRs should be tunable by the manipulation of the midgap states, confined to the edges. Based on this finding, we propose a field-effect transistor (FET) shown in Fig. 7(a) , where the conductance in PNRs via the midgap states (which are confined near the edges) is modulated locally by two edge gates, with voltages V g1 and V g2 . The width of the ribbons (W R ) is chosen to be 18 nm, wide enough for experimental realization yet narrow enough to be computationally feasible via atomistic TB and nonequilibrium Green's functions (NEGF) [50] . The width of each edge gate (W g ) is 5 nm and the drain voltage (V d ) is fixed at V d = 50 mV. Figure 7 (b) and (d) shows the band dispersion for zigzag and skewed armchair PNRs for V g1 = −V g2 = +0.4 V respectively. The applied bias strongly affects the midgap states, which have a high probability density right under the gate. The field induced by the bias shifts the bands whose wave function is localized in the upper sublayer upwards and shift the bands whose wave function is in the lower sublayer downward.
These edge gates have essentially no effect on the bulk bands. Although the midgap states have moved toward the bulk bands compared to their initial position in the gap [see Figs. 6(b) and 6(e)], the ribbon This transition is also demonstrated by calculating the current for single and bilayer PNRs at room temperature (T = 300 K)) [Figs. 7(f) and (g) for skewedarmchair and zigzag PNRs] using the ballistic NEGF formalism. [50] . We implemented the low-field ballistic NEGF transport technique without self-consistent electrostatics in a fairly standard way: equilibrium Green's functions are calculated at a given energy for the open system PNR system, where the role of contacts is incorporated in the NEGF via contact self-energies using the Sancho-Rubio iterative scheme [51] . The calculation of Green's functions is performed for a dense array of energies within the transport window, i.e., over the energy range between the source and drain Fermi levels (50 meV) plus/minus several k B T around this range (k B is the Boltzmann constant). The edge gates are at potentials V g1 and V g2 with respect to the body potential, which is assumed zero, (i.e., body is grounded). The influence of the edge gates is incorporated into the relevant diagonal terms in the tight-binding Hamiltonian. It is assumed that the potential drops linearly over the PNR thickness, from the values of V g1 and V g2 at the top, underneath the gates, to zero at the bottom; in other words, the vertical field is constant under the gates. The points at the top of the PNR that are not under a gate are assigned zero potential. Finally, in the tight-binding NEGF transport calculation, the PNRs as implemented have lengths and widths in the severalnanometer range, but the actual lengths do not matter in the purely ballistic limit, as it is assumed that the edge gates go along the whole length of the PNR.
At low bias on the edge gates, the current I [ Fig.  7(f) ] is relatively high, indicating that midgap states are crossing the Fermi level or located at the vicinity of Fermi level. As the voltage magnitude increases, the midgap states are pushed apart. Above a threshold bias on the edge gates, the current becomes vanishingly small, demonstrating a transition to an insulator [ Fig. 7(f) ]. This dual-edge-gate structure is compatible with current fabrication technology, as similar multigate structures were realized previously [52, 53] . For single and bilayer zigzag PNRs [ Fig. 7(g) ], the subthreshold swing (SS) values are 115 and 80 mV/decade, respectively. In case of single layer and bilayer skewedarmchair PNRs [ Fig. 7(f) ], the SS values are 136 and 112 mV/decade, respectively. For reference, we also added the 60 mV/decade SS curves to Fig. 7 (f) and (g), which would correspond with the turn-off theoretical limit in Si MOSFETs. The values obtained are lower than the 5 V/decade obtained for bulk-phosphorene field-effect transistors [54] , they are still higher than the SS in commercial silicon-based devices (70 mV/decade).
A recent calculation showed that edge functionalization can lead to a dramatic flattening of the midgapband dispersions [26] , which would significantly reduce the threshold voltage required for the conductorto-insulator transition. As the current in the on-state is channeled by the midgap states, the SS will be dependent on the dispersion of midgap states. Edge passivation of PNRs leads to almost dispersion-free midgap states [26] , and this effect could approximately be captured in the tight-binding model by setting t 3 = 0 [55] . Indeed, our preliminary calculations with t 3 = 0 yield a SS of 15 mV/decade, which is below the theoretical limit for ideal MOSFETs [56] . This result hints that edge-passivated PNRs might be promising as field-effect switches.
Conclusion
In summary, we showed that the electron band dispersion for multilayer phosphorene transitions from parabolic in the zigzag and massive Dirac fermion in the armchair direction at vertical electric fields below E c to a dispersion of an anisotropic massless Dirac fermion at electric fields above E c . We posited that this transition would be observed in quantum Hall experiments as an electric-field-dependent change in the Landau-level energy vs B: ∼ (n + 1/2)B below E c , ∼ [(n + 1/2)B]
2/3
at E c , and ∼ [(n + 1/2)B] 1/2 above E c .
Moreover, we showed that selective tuning of midgap bands in metallic PNRs results in novel device functionalities. We proposed a structure with dual edge gates that strongly affect the edge states associated with the midgap bands, but leave the bulk ones inert. The dual-edge-gate structure can induce a transition from a conducting "on" state to an insulating "off" state by moving the midgap bands away from the Fermi level, thereby realizing field-effect transistor action on PNRs.
Electric-field modulation of phosphorene and PNRs is a versatile concept that can enable access to new physics and new functions in phosphorene-based devices.
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